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Abstract—We consider the synchronization problem in an
uplink multiuser filtered multitone (FMT) modulated system. It
differs from OFDMA in the deployment of sub-channel shaping
filters. User multiplexing is still accomplished by partitioning the
tones among the active users. Users are asynchronous such that
the received signals experience independent time offsets, carrier
frequency offsets, and multipath fading. We consider the
synchronization problem in a novel multiuser receiver that
comprises two efficiently implemented fractionally spaced
analysis filter banks. In this receiver time/frequency
compensation can be jointly done for all users. Despite its lower
complexity we show that this receiver approaches the
performance of single user FMT.1
Index Terms—FMT modulation, Multiuser systems, OFDM,
Synchronization, Wireless uplink.

I. INTRODUCTION
We consider the synchronization problem for filtered
multitone (FMT) modulation [1] in a multiple access uplink
wireless channel [2]. Multiuser FMT differs from orthogonal
frequency division multiple access (OFDMA) because it
deploys frequency confined sub-channel pulses instead of
rectangular time domain pulses that have a sinc frequency
response. Then, users are multiplexed by partitioning the tones
in an FDMA mode. Multiuser FMT can be efficiently
implemented using an inverse fast Fourier transform (IFFT)
followed by low-rate sub-channel filtering at the transmitter
side [3]. The sub-channel frequency confinement makes
multiuser FMT more robust than OFDMA in an asynchronous
uplink channel where distinct user signals experience
independent time offsets and carrier frequency offsets.
Although the synchronization problem in OFDM is well
understood [4], synchronization in FMT systems, and more in
general in multiuser FMT has been not extensively
investigated. Synchronization involves the estimation of the
users’ time and frequency offsets as well the estimation of the
channel impulse response. In [5] a blind scheme has been
considered for synchronization in single user FMT that
exploits the redundancy of the oversampled filter bank. In [6]
a non-data-aided timing recovery scheme has been proposed.
The synchronization problem depends on the particular
receiver structure adopted. Among the conventional receivers
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we can cite two receiver structures. The first uses an analysis
filter bank that is matched to the sub-channels after time and
frequency compensation at the sub-channel level. The second
uses a filter bank where compensation is done at the user level.
For this kind of receivers we proposed in [7] an iterative
approach where the analysis filter bank is iteratively matched
to the received signals by estimating the time and frequency
offsets at its outputs and feeding the estimated parameters
back to its input to perform correction.
A drawback of the above receivers is that they have high
complexity. To reduce it, we propose in this paper the use of a
novel efficient fractionally spaced analysis filter bank that
allows detecting all sub-channels of the asynchronous users
with lower complexity compared to the traditional single user
receiver that requires one synchronous filter bank per user.
Compensation of the time offsets and carrier frequency offsets
is jointly performed for all the users. The fractionally spaced
outputs are processed by sub-channel fractionally spaced RLS
equalizers. We then study the synchronization problem in this
receiver and we propose a metric for the estimation of the
parameters.
II. MULTIUSER FMT SYSTEM MODEL
We consider a multiuser filter bank modulation
architecture where multiplexing is performed via partitioning
the sub-channels among the users (Fig. 1). We denote with
g (nT ) the prototype sub-channel pulse, where T is the
sampling period. The sub-channel carrier frequency is denoted
with f k = k /( MT ), k = 0,..., M − 1, where M is the total
number of tones. It follows that the complex baseband
transmitted signal of user u can be written as

x ( u ) ( nT ) =

M −1

∑ ∑a
k = 0 A∈Z

( u ,k )

(AT0 ) g ( nT − AT0 )e j 2π f k nT ,

(1)

where a ( u ,k ) ( AT0 ) is the k -th sub-channel data stream of user
u that we assume to belong to the M-QAM constellation set
and that has rate 1/ T0 with T0 = NT ≥ MT . In FMT, the
prototype pulse has frequency confined response with Nyquist
bandwidth 1/ T0 . The interpolation factor N is chosen to
increase the frequency separation between sub-channels and to
make the construction of finite impulse response (FIR) pulses
easy, thus to minimize the amount of inter-carrier interference
(ICI) and multiple access interference (MAI) at the receiver

multiuser receiver, that allows lowering the complexity, is
devised.
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In the sub-channel synchronized receiver (SCS-RX),
synchronization is done at sub-channel level. That is, we
deploy an analysis filter bank where each sub-channel filter is
matched to the transmit pulse and compensates the frequency
offset by an amount Δˆ (fu ) , and adjusts the time phase by an
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Fig. 1. Multiuser FMT system model with transmitter and receiver of user u.

side. Distinct FMT sub-channels can be assigned to distinct
users. In this case, the symbols are set to zero for the
unassigned FMT sub-channels:
a ( u ,k ) (AT0 ) = 0 for k ∉ K u ,

(2)

where K u denotes the set of M u sub-channel indices that are
assigned to user u.
At the receiver, the complex discrete time received signal
can be written as
NU

(
y(τ i ) = ∑∑ x (nT ) g (τ i − nT − Δτ )e
u =1 n∈Z

(u)

(u )
CH

(u)

j 2π Δ(fu )τ i +φ ( u )

) + η(τ ),
(3)
i

where i ∈ ], NU is the number of users, Δτ( u ) is the time
offset of user u that is due to asynchronous transmission
and/or propagation delays, Δ (fu ) and φ ( u ) are the carrier
(u)
frequency and phase offset, gCH
(t ) is the fading channel

impulse response of user u, and η (τ i ) is the additive white
Gaussian noise with zero mean contribution. We assume the
time/frequency offsets to be identical for all sub-channels that
are assigned to a given user.
III. RECEIVER STRUCTURES

The base station has to detect all users’ signals that are
affected, according to the model in (3) by carrier frequency
offsets, and propagation delays, as well as by different
dispersive channel impulse responses. In this section we first
describe two conventional receiver structures and then a novel

amount Δˆ τ( u , k ) that may differ across the sub-channels. The
outputs are then sampled at rate 1/ T0 after which data
detection is accomplished with linear sub-channel
equalization. It should be noted that while the sub-channel
frequency offsets are all identical for a given user, the optimal
sub-channel sampling phase can vary across the sub-channels.
This is because the propagation channel frequency selectivity
translates into different sub-channel equivalent impulse
responses [6]. For this reason the SCS-RX not only
compensates the time offset of a given user, but it also uses an
optimal time phase for each sub-channel. The SCS-RX has a
significant drawback since it cannot be implemented using an
efficient DFT polyphase filter bank as described in [1], [3].
To simplify the complexity of the SCS-RX we can
compensate the time offset and the frequency offsets with a
common value Δˆ τ( u ) , and Δˆ (fu ) , for all the sub-channels of a
given user. We refer to this receiver as user synchronized
receiver (US-RX). Now, one efficient analysis filter bank per
user can be deployed. Then sub-channel equalization with
symbol spaced equalizers is performed. Although the US-RX
can be implemented in an efficient way it still requires one
filter bank per user. Further, it suffers from a performance
penalty compared to the SCS-RX.
B. Fractionally Spaced Multiuser Receiver

To reduce further the complexity and increase the
performance we propose a novel architecture that uses only
two fractionally spaced analysis filter banks to detect all M
signals that are partitioned among the NU users, as depicted in
Fig. 2. We refer to this receiver as fractionally spaced receiver
(FS-RX). The filter bank outputs are processed with
fractionally spaced linear sub-channel equalizers [8], whose
coefficients are obtained according to the MMSE criterion.
The fractionally spaced equalizer allows using a common time
phase for all the users. Fine synchronization is not required.
Only synchronization at symbol level is required, and this can
be done at the output of the bank of filters. It should be noted
that with ideal band limited pulses neither ICI nor MAI is
present. However, the use of an inexact sampling phase (as a
result of imperfect synchronization) may yield increased subchannel ISI which has to be handled with equalization.
Further, a problem to be solved is the joint compensation of
the carrier frequency offsets that differ among the users. This
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Fig. 2. Fractionally spaced multiuser receiver efficient implementation.

is accomplished by supposing to correct part of the frequency
offset before the filter bank (pre-compensation) and part after
it (post-compensation).
We define M 3 = QM 2 = K 3 M = L3 N , where Q is a positive
integer, and M 2 = l.c.m( M , N ) is the least common multiple
between M and N . Then, we define the frequency offset as
the sum of an integer multiple of 1/ M 3T , and a fractional part
Δ ( u ) , i.e., Δ ( u ) = q( u ) / ( M T ) + Δ ( u ) , where we choose q( u )
f

f

3

f

according to the following rule
q( u ) =

arg min
− ⎣⎢ K 3 / 2 ⎦⎥ ≤ q < ⎣⎢ K 3 / 2 ⎦⎥

⎛ (u)
q
⎜⎜ Δ f −
M
3T
⎝

⎞
⎟⎟ ,
⎠

(4)

that corresponds to minimize the fractional frequency offset at
the output of the receiver filter bank. In (4) we have assumed
q ( u ) < ⎢⎣ K 3 / 2 ⎥⎦ such that adjacent FMT sub-channels do not
completely overlap as a result of the frequency offset.
Now, the FS-RX pre-compensates the integer part of the
frequency offset by the estimated value qˆ ( u ) / ( M 3T ) before
sub-channel filtering, while it post-compensates the fractional
part Δ (fu ) at the sub-channel output where we assume to
sample the outputs at rate 2 / T0 . Therefore, the two sub-

( u ,k )
(u )
g EQ
( mT0 + δ − Δτ( u ) ) = ∑ gCH
(iT )e − j 2π f k iT
i∈Z

j 2π ( Δ (fu ) + ε q( u ) ) nT ⎤
⎡
× ⎢ ∑ g ( nT − iT + mT0 + δ − Δτ( u ) ) g * (nT )e
⎥.
⎣ n∈Z
⎦

(

(u )

i∈Z

( (
=e

)

j 2π Δ (fu ) +ε q( u ) mT0 +ϕ( u )

(

0

EQ

frequency offset is perfect. Therefore, the pre-compensation of
only the integer part of the frequency offset translates in both a
sub-channel SNR loss and increased ISI.
The joint correction of the integer part of the frequency
offset for all the users can be realized in an efficient receiver
implementation. Similarly to the derivation in [3], if we apply
the polyphase decomposition to (5) with period M 3T , under
the hypothesis of pre-compensating the frequency offset by
qˆ ( u ) / ( M 3T ) , we obtain
( mT0 + δ ) =

M 3 −1

∑Y

(i )

(mT0 + δ )e

−j

2π ( K 3k + qˆ ( u ) )
i
M3

,

(7)

with
τ

(5)

A≠m

+Ι(u,k ) (mT0 + δ ),

)

( k , qˆ ( u ) )

i =0

( u ,k )
+∑a(u,k ) (AT0 )gEQ
(mT0 − AT0 + δ − Δτ(u) )⎤⎦

((

)

j 2π Δ ( u ) + ε ( u ) nT

q
f
the sub-channel filter output. The factor e
in the
inner sum in (6) cannot be compensated, and it yields a
frequency mismatch between the transmitted sub-channel, and
the analysis sub-channel filter which is the smallest for
ε q( u ) = 0 when the estimation of the integer part of the

z

qˆ( u )
− j 2π ( fk +
)iT
M3T

) ⎡a(u,k ) (mT )g(u,k ) (δ − Δ(u) )
⎣

)

j 2π Δ ( u ) + ε ( u ) mT

q
0
f
The factor e
in (5) introduces a time variant
rotation of the constellation, but it can be fully compensated at

channel outputs of index k ∈ K u belonging to user u are

z( k ,qˆ ) (mT0 + δ ) = ∑ y(iT )g∗ (iT − mT0 − δ )e

(6)

)

where ϕ (u ) = 2π Δ (fu ) + ε q( u ) δ − fk Δτ( u ) + φ (u ) and εq(u) = q(u) − qˆ(u)

is the residual error in the correction of the integer part of the
frequency offset. The sampling phase δ is set to zero, and to
T0 / 2. The interference term Ι ( u ,k ) ( mT0 + δ ) comprises noise
and ICI and MAI that are small due to the sub-channel spectral
containment. The sub-channel equivalent response reads

Y ( i ) (mT0 + δ ) = ∑ y ( i ) (AL3T0 + δ )g ( i )∗ ( AL3T0 − mT0 ),

(8)

y ( i ) (AL3T0 + δ ) = y (iT + AL3T0 + δ ), i = 0,..., M 3 − 1.

(9)

A∈Z

Equations (7)-(8) suggest the scheme in Fig. 2 where each of
the two analysis filter banks comprises the following steps:
• Serial-to-parallel conversion, interpolation by a factor L3 ,
filtering with the polyphase pulses g(i )∗ (−mT0 ) = g* (iT − mT0 ) ,
i = 0,..., M 3 − 1 ;
• Computation of an M 3 -point DFT, and sampling the DFT
outputs with index K3k + qˆ ( u ) for k ∈ K u . This is to obtain
the sub-channel signals of user u, and to partly compensate

the frequency shift introduced by the integer part of the
carrier frequency offset;
• Combining the signals in (7) for δ = {0, T0 / 2} to obtain a set
of M sample streams at rate T0 / 2;
• Compensation of the fractional frequency offset with
− jπΔ ( u ) mT

multiplication by e f 0 ;
• Finally, a fractionally spaced
processes the signals.

equalizer

f

DFT increases. In the FS-RX the parameters to be estimated
are Δ (fu ) and the integer part of the frequency offset.
IV. SYNCHRONIZATION FOR THE MULTIUSER RECEIVER
The multiuser analysis filter bank requires the estimation
of the integer and fractional frequency offset of each user as
well as symbol time synchronization. We use a training
approach to estimate the time/frequency offsets. Each user
transmits a frame of data that comprises a known training data
( u ,k )
portion aTR
( AT0 ) , k ∈ K u , A = 0,..., N TR − 1 , i.e., a training
sequence per sub-channel. The training sequence is also used
to train the MMSE sub-channel equalizer using an RLS
algorithm.
We propose a synchronization metric that implements, at
the filter bank output, an appropriately defined correlation
with the training data. The correlation is done in time (along
the time dimension for a given sub-channel) and in frequency
(across the sub-channels). The metric is defined as
NTR −K −1

∑ ∑

k∈Ku

Z ( k ,q) (mT0 ; nT0 / 2)* Z ( k ,q) (mT0 + KT0 ; nT0 / 2) (10)

m=0

Z ( k ,q ) (mT0 ; nT0 / 2) = z ( k ,q ) ( mT0 + nT0 / 2 )

( k ,q )
aTR
(mT0 )*
, (11)
( k ,q )
| aTR (mT0 ) |2

where
z ( k ,q ) ( mT0 + nT0 / 2 ) ,
k ∈ Ku , | q |< ⎣⎢ K 3 / 2 ⎦⎥ ,
is
efficiently obtained as in (7). The lag K in (10) is chosen to
take into account the presence of the sub-channel ISI, and it
has to be such that KT0 is larger than the sub-channel time
dispersion.
Metric (10) is used to jointly estimate the integer part of
the frequency offset and the time phase as follows

(n

(u)
max

{

, qˆ ( u ) ) = arg max P ( q ) ( n )
n , q < ⎣⎢ K 3 / 2 ⎦⎥

outputs of index K3k + qˆ ( u ) for k ∈ K u .
Now, (10) can be written as follows using (5)
(u)

sub-channel

It should be noted that the correction of the integer part of
the frequency offset is done by choosing the appropriate
output tone of the M 3 -point DFT (shifted tone). If we
increase Q , we reduce the amount of the residual frequency
offset Δ ( u ) , at the expense of complexity since the size of the

P( q) (n) =

We emphasize that the estimate of the integer part of the
frequency offset qˆ ( u ) / M 3T , is used in the efficient
implementation (7) by picking for user u the M 3 -point DFT

2

},

u = 1,..., NU .

(12)

According to (12) we search the peak of the correlation (10)
for each of the K3 possible values of the integer frequency
offset. The highest of these peaks, yields both the estimate of
(u)
qˆ ( u ) , and symbol timing Δˆ τ( u ) = nmax
T0 / 2.

P(qˆ ) (n) = e

(

)

j 2π Δ (fu ) +εq( u ) KT0

∑g

(u,k )
EQ

k∈Ku

2
(nT0 /2 −Δτ(u) ) (NTR − K) + Iˆ(u) (n), (13)

( u ,k )
where g EQ
( nT0 / 2 − Δτ( u ) ) is given by (6), which implies that
the estimates are chosen to maximize the sum of the energies
of the useful data terms. It should be noted that the
contribution of ICI and MAI in Iˆ( u ) ( n ) is small due to the
good spectral sub-channel containment. Finally, the fractional
frequency offset is estimated as follows

Δˆ (fu ) =

{

}

1
( qˆ ( u ) )
(u)
arg P
( nmax
) .
2π KT0

The fractional frequency
| Δ f | < 1/(2 KT0 ).

offset estimation

(14)
holds

for

V. PERFORMANCE RESULTS
Performance is evaluated for an FMT system with 1 and 4
asynchronous users, M = 32 tones, and interleaved tone
allocation. The interpolation factor is N = 40. The prototype
pulse has duration 12T0 , and it is designed according to the
method in [3] to achieve a theoretical bandwidth equal to
1.25 / T0 = 1/ MT . The carrier frequency offsets are
max
independent and uniformly distributed in [ −Δ max
f , Δ f ], while

the time offsets are uniformly distributed in [0, T0 ]. The user
channels are assumed to be Rayleigh faded with an
exponential power delay profile with independent T-spaced
taps that have average power Ω p ~ e − pT /(0.05T0 ) with p ∈ Z +
and truncation at -20 dB. The data symbols and the random
training sequences of length 20 belong to the 4-PSK signal set.
With 20 MHz bandwidth the channel has overall duration
equal to 500 ns, and the data rate is 32 Mbit/s.
Average bit-error-rate (BER) is shown in Fig. 3 and Fig. 4.
The ideal curves assume perfect synchronization and channel
estimation and are plotted for the SCS-RX (used as a reference
point for the performance) and the FS-RX. The curves that
assume practical synchronization and channel estimation are
plotted for the FS-RX in order to show the performance of the
synchronization metric proposed in Section IV. RLS training
for the sub-channel 3 taps equalizers uses a forgetting factor
λ = 0.95 . The factor K in the estimator is set equal to 3.
In Fig. 3 the maximum carrier frequency offset normalized
to the sub-carrier spacing is ε f = Δ max
f MT = 0.05. First we
consider the ideal curves. The proposed FS-RX nearly
achieves the performance of the SCS-RX. The performance of
the FMT system with 4 asynchronous users is close to that of
the single user system, which shows the robustness to the

In this paper we have proposed a training based
synchronization approach for multiuser FMT systems and
applied it to a novel fractionally spaced multiuser receiver. It
is based on a correlation approach that exploits the separability
of sub-channel signals that belong to different uplink users.
We have further considered simple RLS adaptive equalization.
Numerical results show the effectiveness of the algorithms and
their robustness to a wide range of time/frequency offsets and
channel frequency selectivity. The proposed solution nearly
achieves the performance of the ideal single user receiver.
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MAI. The curves of the FS-RX with Q = 1 and Q = 4 are
nearly overlapped.
For the single user case, the practical curves are close to
the ideal ones. For the 4 users case the practical curves present
a loss that goes from 2 dB to 4 dB with respect to the ideal
curves. This discrepancy is mainly due to the estimation of the
frequency offsets. Differently from the single user case we
have fewer sub-channels per user, so when computing the
metric we have a lower redundancy in the frequency
dimension.
In Fig. 4 we plot the BER as a function of the maximum
carrier frequency offset. Again we first analyze the ideal
curves. For NU = 1, the SCS-RX has performance that is
independent of ε f since the frequency offset is fully
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