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Proof of Lemma 2: We first focus on the case that users are
scheduling according to |hK |2 ≥ · · · ≥ |h1|2. Recall that for such an
addressed multiple-access channel, the optimal detection strategy is to
first detect sk whose SNR, i.e., SNRk = (1/[(HHH)−1]k,k), is the
largest. Then, successive detection can be realized by removing the
detected messages. We first show that SNR1 is the maximum among
SNRk, 1 ≤ k ≤ K. Then, prove that the diversity gain associated with
SNR1 is 1.

Consider a general n× n tridiagonal channel matrix An shown in
(8) and AH

n An shown in (9). The inverse of AH
n An can be shown as(

AH
n An

)−1
=

[
B(n−1)×(n−1) b(n−1)×1

bH
(n−1)×1 x−1

n ,

]
(24)

where we recall that xn = (1/[AH
n An]

−1
n,n). Note that the submatrix

B(n−1)×(n−1) can be calculated from the inverse of block matrices as

B(n−1)×(n−1) =AH
n−1An−1 + ana

H
n − 1

|an|2
anana

∗
na

H
n

=AH
n−1An−1.

Therefore, we can have the following:

SNRk = xk

where Ak
Δ
= Hk. On the other hand, from Proposition 1, we learn that

xk =
|hk|2xk−1

|hk|2 + xk−1

(25)

which yields

SNRk =
|hk|2SNRk−1

|hk|2 + SNRk−1

≤ SNRk−1

which means that the SNR of s1 is the largest and that s1 needs to be
detected first. Note that SNR1 = |h1|2 results in a diversity gain of 1,
that such a performance becomes the bottleneck of the system, and that
the diversity gain of the worst user performance is therefore 1.

When the users are scheduled in a random way, consider that the
user scheduled during the ith TS has the worst link to the destination.
After the detection of sk, 1 ≤ k ≤ (i− 1), these (i− 1) messages are
removed from the observation, and we have a (K − i+ 1)× (K −
i+ 1) new channel tridiagonal matrix, whose element at its first row
and first column is hi, i.e., the worst channel. Following the given
steps, we can again show that this user is the bottleneck of the system,
which causes the worst achievable diversity gain to be 1. Therefore,
the proof for the lemma is completed. �
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A Frequency-Domain LOS Angle-of-Arrival Estimation
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Abstract—In this paper, we deal with the line-of-sight angle of arrival
(AoA) estimation in a multipath channel, assuming that the first arrival
path (FAP) contains the AoA information. We consider pulse transmission
with a low duty cycle from the source and reception using an antenna ar-
ray. We propose a simple approach that comprises the following four steps:
1) coarse frame synchronization; 2) frequency-domain channel estimation;
3) frequency-domain identification of the FAP delay with a threshold-based
method; and 4) AoA estimation from the FAP coefficient. We compare
the method with the joint angle and delay estimation multiple-signal
classification (JADE MUSIC) algorithm. Despite the high complexity of
the JADE MUSIC, our approach exhibits smaller root-mean-square error
(RMSE) in the AoA estimation for various multipath channel scenarios
that are characterized by different values of delay spread and angular
spread correlation.

Index Terms—Angle-of-arrival (AoA) estimation, first-arrival-path
(FAP) detection, frequency-domain channel estimation.

I. INTRODUCTION

There are many application areas, e.g., vehicular and indoor people
navigation, that can benefit from the use of radio localization systems
to support not only navigation where the Global Positioning System
does not guarantee coverage but also context-aware services that
may require very short response times (e.g., safety applications [1]).
Radio localization can essentially be performed using the following
three techniques [2], [3]: 1) the signal strength (SS) technique, which
estimates the distance of the transmitter node (the unknown position
node) from the receiver node by exploiting a propagation-loss model;
2) the time-of-arrival (ToA) or time-difference-of-arrival technique,
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which computes the wave propagation delay; and 3) the angle-of-
arrival (AoA) method, which estimates the AoA of radio waves that
impinge on an antenna array. To locate a node in a plane, three
receiver nodes are required with the SS and ToA methods, whereas
two receiver nodes are required with the AoA method, each having at
least two colocated antennas. These methods need to work in a line-of-
sight (LOS) propagation condition; otherwise, their performance can
significantly degrade.

In this paper, we consider the AoA estimation in a multipath (MP)
channel, a scenario that severely affects the algorithm precision [4].
In fact, even the well-known multiple-signal classification (MUSIC)
[5] and estimation of signal parameters via rotational invariance
technique (ESPRIT) [6] algorithms, which are used to determine the
AoA of different sources, suffer the presence of MP propagation,
because these methods fail to span the signal subspace in the case
of correlated waves. To deal with this problem, some preprocessing
technique such as spatial smoothing [7] can be applied to decorrelate
the sources. Spatial smoothing may reduce the effective size of the
array, and to properly work, the number of channel paths must be
known. Alternatively, maximum-likelihood AoA estimation can be
used [4], although it introduces high complexity. Another approach
is the joint angle and delay estimation (JADE) method [8]. This
technique jointly estimates AoAs and ToAs by computing the JADE
MUSIC spectrum from the channel impulse response estimate. This
method is subspace based, but it requires fewer antennas compared to
other techniques. Moreover, with respect to (w.r.t.) the conventional
MUSIC, it allows for associating the right AoA to each MP delayed
component. However, the complexity is extremely high due to the
need of computing the eigenvalue decomposition of a large matrix
of size MN ×MN , where M is the number of antenna elements,
and N is the duration of the channel in samples (which comprises the
transmission waveform).

Motivated by the search of a simpler method, in this paper, we
consider a frequency-domain approach for the AoA estimation in an
MP channel that does not require any eigenvalue decomposition and
does not need to know the number of channel echoes. It is assumed
that the transmitter node sends a train of known pulses with a low duty
cycle, i.e., each pulse is followed by a guard time to cope with the
intersymbol interference introduced by the MP channel. We consider
a sufficiently general channel model where each MP component has
its own AoA and the FAP is the LOS component. Then, the receiver
performs the following four tasks:

1) coarse frame synchronization;
2) frequency-domain channel estimation;
3) identification of the FAP with a threshold-based method;
4) AoA estimation from the FAP phase component.

Step 4 is accomplished by estimating the phase difference between the
LOS signal components received by two adjacent antennas.

Note that our method is applicable regardless of the number of
antennas (provided that it is at least equal to two) and the number of
channel echoes, unlike the traditional subspace-based AoA estimation
approaches [4]. Frequency-domain AoA estimation was also consid-
ered in [9]. This was done to resolve the frequency dependency of
the phase when wideband transmission is considered in combination
with a digital beamformer. Nonetheless, in this paper, we will consider
signals with bandwidth such that this frequency dependency can be
neglected.

This paper is organized as follows. Section II describes the system
and the considered channel model. The AoA estimation algorithm is
discussed in Section III. We show several numerical results in terms
of the root-mean-square-error (RMSE) performance in Section IV.
Finally, the conclusions follow.

II. SYSTEM MODEL DESCRIPTION

Let us consider a scenario in which a single user transmits the radio
frequency (RF) signal x(t)ej2πfct, where fc is the carrier frequency,
to a base station that is equipped with a multiple-antenna array with
M elements. The transmitted signal undergoes MP propagation so that
the baseband channel impulse response for the ith antenna link can be
written as

h(i)(t)=β
(i)
0 δ

(
t−τ

(i)
0

)
+

Np−1∑
l=1

β
(i)
l δ

(
t−τ

(i)
l

)
, i∈{1, . . . ,M} (1)

where δ(t) is the Dirac delta, Np is the number of paths, and β
(i)
l is

the complex amplitude of the lth path. The delay τ
(i)
l can be written

as the sum of two contributions, i.e., τ
(i)
l = τl +Δτ

(i)
l , where τl

is the propagation delay from the user to the first element of the
antenna array, whereas Δτ

(i)
l is the delay between the first and the

ith elements due to a plane wave that impinges with angle φl. Note
that, assuming a linearly equispaced antenna array, with the element
spaced by d = (λ0/2), the delay Δτ

(i)
l is equal to Δτ

(i)
l = (i− 1)

cos(φl)/(2fc), i ∈ {1, . . . ,M}. Therefore, we obtain∣∣∣Δτ
(M)
l −Δτ

(1)
l

∣∣∣ ≤ M − 1
2fc

∀ l ∈ {0, . . . , Np − 1}. (2)

Assuming that the signal bandwidth is BW and the sampling pe-
riod T is chosen according to the Nyquist sampling theorem, i.e.,
T = 1/(2 BW), we can observe that the maximum delay difference
(M − 1)/(2fc) is negligible w.r.t. the sampling period T if and
only if (M − 1)/(2fcT ) � 1 and, thus, if and only if (BW/fc) �
1/(M − 1). In the literature, this criterion is also referred to as the
narrowband assumption [4]. Under this constraint, the channel model
in (1) becomes

h(i)(t) = β
(i)
0 δ(t− τ0) +

Np−1∑
l=1

β
(i)
l δ(t− τl), i ∈ {1, . . . ,M}. (3)

Note that we assume that the LOS component with delay τ0 is always
present. Then, under the narrowband assumption, the received signal
at the ith antenna can be expressed as

y(i)(t) = β
(i)
0 x(t− τ0) +

Np−1∑
l=1

β
(i)
l x(t− τl) + w(i)(t),

i ∈ {1, . . . ,M} (4)

where w(i)(t) is the background noise that is assumed to be white
Gaussian. The gains β

(i)
l take into account the RF carrier phase

rotation (as shown in the following section), which depends on the
AoA of the plane waves that impinge on the antenna array.

A. Spatial Channel Model

We assume a sufficiently general channel model where the FAP is
the LOS component. A number of main scattering clusters are present,
and each cluster generates an MP component. The complex amplitude
of the lth MP component at the ith antenna can be expressed as

β
(i)
l = αle

−jκd(i−1) cos(φl), i ∈ {1, . . . ,M} (5)

where κ = (2π/λ0), with λ0 = c0/fc, and c0 is the speed of light.
According to (5), the path that is associated with the lth cluster has
AoA φl. Furthermore, to account for scattering in each cluster, we
assume the presence of the factor αl with a Rayleigh distributed
amplitude and uniform phase. Because the antennas are closely spaced,
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αl is identical for all antennas, i.e., the channel is spatially correlated.
Note that (5) also holds true for the LOS component, with α0 = 1. To
complete the model, we need to specify the angular statistics. A well-
accepted distribution for φl is the zero-mean Laplace, as discussed in
[10]. Other possible distributions have been proposed in [11] and [12].
Furthermore, there exists a correlation between the angular spread and
the path delay [13]. In [13], the joint probability density function of
the AoA and the ToA is derived under an elliptical scattering model. A
more general treatment is done in [14], where the relation between the
delay spread and the angular spread is studied. Based on the findings
in [14], we propose to relate the angular spread of the lth path with its
delay τl as follows:

σl = σmaxe
− ψ

τl−τ0 (6)

where the critical delay spread ψ, i.e., the key parameter for determin-
ing the rate of angular spread increase, and the maximum observable
angular spread σmax allow us to parameterize the model. Essentially,
the relation (6) reflects the intuition that closely delayed paths exhibit
smaller relative AoA differences.

Finally, the fading coefficients αl, l ∈ {1, . . . , Np − 1} are assumed
uncorrelated, with exponential power decay profile Ωl ∝ e−(τl−τ0)/Γ.
The interarrival path delays τl − τ0 are considered deterministic, i.e.,
τl − τ0 = lTpath, l ∈ {1, . . . , Np − 1}, whereas we assume that the
FAP delay is uniformly distributed in the interval [0, Tf − Tp), where
Tf is the transmission frame duration, and Tp is the transmission pulse
duration as described in the following section.

B. Transmitted Waveform: Impulsive Modulation

To estimate the AoA, the source node transmits a known waveform
pattern in the form of a sequence of weighted pulses, i.e., binary pulse-
amplitude modulation, such that the baseband transmitted signal can
be written as [15]

x(t) =

Ltr−1∑
k=0

bkg(t− kTf ) (7)

where bk ∈ {±1}, k ∈ {0, . . . , Ltr − 1} are the training bits, g(t) is
the pulse waveform with duration Tp, and Tf is the frame duration
(or the bit period). In this paper, we assume that g(t) is the second
derivative of a Gaussian pulse that reads

g(t) =

[
1 − π

(
t− Tp/2

T0

)2
]
e
−π

2

(
t−Tp/2

T0

)2

(8)

where T0 represents the inverse of the pulse spectral occupancy
(defining the spectral occupancy as the frequency at which the pulse
amplitude is 30 dB below its peak value), and Eg =

∫ Tp

0
g(t)2dt is

the pulse energy. We assume a low-duty-cycle transmission so that the
guard time Tg = Tf − Tp is larger than the maximum channel delay
τNp−1. This is to avoid interpulse interference.

At the receiver, the downconverted signal can be expressed as

y(i)(t) =

Ltr−1∑
k=0

bkg
(i)
EQ(t− kTf ) + w(i)(t) (9)

where g(i)EQ(t) = g(t) ∗ h(i)(t) is the equivalent impulse response that
comprises the effect of the pulse waveform g(t) and the channel
impulse response h(i)(t) (∗ represents the convolution). After the

analog-to-digital conversion at sampling rate T = (Tf/N), the signal
in (9) becomes

y(i)(nT ) =

Ltr−1∑
k=0

bkg
(i)
EQ(nT − kTf ) + w(i)(nT ) (10)

where g
(i)
EQ(nT ) is the discrete-time version of the equivalent impulse

response g
(i)
EQ(t). For the performance results, it is useful to define

the average signal-to-noise ratio (SNR; identical for all antennas) as
SNR = Eg/(Tf ·N0), where the noise power is N0.

III. AOA ESTIMATION

The objective of the system is the estimation of the complex
channel coefficients β

(i)
0 , i ∈ {1, . . . ,M} of the LOS component by

processing the received signal samples in (4). Based on the channel
coefficient estimates, it is possible to determine the AoA φ0. If we
assume the knowledge of the delay of the FAP, the coefficients β

(i)
0

can be obtained from an estimate of the channel-frequency responses
H(i)(f) as follows:

β
(i)
0 = h(i)(τ0) =

∞∫
−∞

H(i)(f)e−j2πfτ0 df (11)

i.e., simply as the integral of the channel-frequency response. The
estimation of the channel in the frequency domain is a simpler and
more effective task than operating in the time domain when the channel
MP components have delays that are a fraction of the transmission
pulse duration. In fact, operating in the frequency domain eases the
pulse deconvolution and enables the channel estimation by processing
each frequency bin independent of the others [16]. Furthermore, the
delay τ0 can also be estimated in the frequency domain, because
it translates in a linear-phase component in the channel-frequency
response. The main steps of the proposed algorithm, therefore, are
listed as follows:

• coarse frame synchronization to coarsely detect the frame timing;
• frequency-domain channel estimation by exploiting the training

signal;
• fine synchronization to precisely identify the FAP delay;
• AoA estimation.

The larger the pulse bandwidth and the sampling frequency are, the
higher the system resolution will be; however, we can also exploit the
fact that closely spaced MP components have the AoA very correlated.

A. Coarse Synchronization

To detect the frame timing, i.e., the position of the first training
bit/pulse, coarse synchronization is first performed. We use a data-
aided version, similar to the approach in [17]. The method is divided
in two steps. The first step identifies the time instant τmax where the
channel exhibits the highest energy. This is obtained as

τmax =T · argmax
n∈Z

{Λ(nT )}

Λ(nT ) =

M∑
i=1

∣∣∣∣∣
Ltr−1∑
k=0

bky
(i)(nT − kTf )

∣∣∣∣∣
2

. (12)

Note that the signals from all antennas are combined. Once we have
locked into the highest energy channel tap, we are sure that τ0 ≤ τmax

[18]. Thus, the second step of the coarse synchronization looks for
the smallest time instant τstart ≤ τmax that maximizes the energy
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Fig. 1. Coarse-synchronization metric example.

collected within the window starting from τstart and having duration
Tf = NT , i.e.,

τstart = T · arg max
τmax

T
−N≤n≤ τmax

T

{
n+N−1∑
m=n

Λ(mT )

}
. (13)

One example of the coarse-synchronization metric is shown in
Fig. 1, where we have assumed that SNR = 20 dB and Np = 3.

B. Frequency-Domain Channel Estimation

Once we have located the window in which each frame is confined,
i.e., [τstart, τstart + Tf ), the received and sampled signal in (10)
delayed by τstart becomes

ŷ(i)(nT ) = y(i)(nT + τstart)

=

Ltr−1∑
k=0

bkĝ
(i)
EQ(nT − kTf ) + ŵ(i)(nT ) (14)

where ŵ(i)(nT ) = w(i)(nT + τstart), and ĝ
(i)
EQ(nT ) = g

(i)
EQ(nT +

τstart).
Now, we need to estimate the channel-frequency response and to

perform fine timing to identify the FAP component that has a delay
equal to τ0 − τstart w.r.t. the first sample in the window of samples
(14). Without any loss of generality, we can assume that τstart = 0.
We proceed by applying an N -point discrete Fourier transform (DFT)
on the kth frame of the samples in (14) to obtain

Y
(i)
k (q) = bkG

(i)
EQ(q) +N

(i)
k (q), q ∈ {0, . . . , N − 1} (15)

where G
(i)
EQ(q) = G(q)H(i)(q) is the DFT of the equivalent channel

ĝ
(i)
EQ(nT ), G(q) is the DFT of the pulse waveform g(t), H(i)(q) is the

DFT of the channel in (1) delayed by τstart, and N
(i)
k (q) is the DFT

of the noise ŵ(i)(nT ). To estimate the channel-frequency response
H(i)(q), we consider the use of the recursive least square (RLS)
algorithm [15], [17] on each frequency bin q from the DFT output in
(15). As it is known, the RLS estimator has faster convergence than the

somewhat simpler least mean square estimator. Note that this estimator
independently operates over the N frequency bins. Let us denote with
Ĥ

(i)
k (q) the channel estimate that was obtained at the kth iteration.

Then, it can be computed as

Ĥ
(i)
k (q) = Ĥ

(i)
k−1(q) + e

(i)
k (q)K

(i)
k (q),

q ∈ {0, . . . , N − 1}, i ∈ {1, . . . ,M} (16)

where the error e
(i)
k (q) is defined as e

(i)
k (q) = bkY

(i)
k (q)−

Ĥ
(i)
k (q)G(q). The kth Kalman gain for the ith antenna and the qth

frequency bin is updated according to

K
(i)
k (q) =P

(i)
k−1(q)G

∗(q)
(
λRLS + P

(i)
k−1(q) |G(q)|2

)−1

P
(i)
k (q) =λ−1

RLSP
(i)
k−1(q)

(
1−K

(i)
k (q)G(q)

)
. (17)

The initial value P (i)
0 (q) is set as P (i)

0 (q) = 1/dRLS , where dRLS has
been assumed equal to 0.01 in all numerical examples. Furthermore,
λRLS = 0.999.

In the following section, we simply refer to the result of the final
iteration Ĥ

(i)
Ltr(q) as Ĥ(i)(q).

C. Fine Synchronization

Now, the FAP delay can be estimated using the following metric:

τ̂ = arg min
τ∈[0,Tf−Tp]

{τ |Λh(τ) > γTH}

Λh(τ) =
1
M

M∑
i=1

∣∣∣∣∣
N−1∑
q=0

Ĥ(i)(q)e−j2π
qτ
NT

∣∣∣∣∣
2

(18)

which corresponds to finding the phase for which the channel squared
amplitude exceeds a threshold γTH . In addition, note that all an-
tenna signals are combined. One illustrative example of the fine-
synchronization metric is shown in Fig. 2. The choice of the threshold
will be discussed in Section IV.

D. AoA Estimation

Having estimated the channel-frequency responses and the FAP
delay, we can exploit the relation in (11) to estimate the LOS channel
coefficients as follows:

ĥ
(i)
LOS =

N−1∑
q=0

Ĥ(i)(q)e−j2π
qτ̂
NT . (19)

Based on ĥ
(i)
LOS, i ∈ {1, . . . ,M}, we simply estimate the AoA as

φ̂0 = − arccos

(
∠z
κd

)
, z =

1
M − 1

M−1∑
i=1

ĥ
(i)
LOS · ĥ(i+1)∗

LOS . (20)

Note that the algorithm works independent of the number of MP
components, e.g., also with a single LOS path.

IV. NUMERICAL RESULTS

In this section, we report several numerical results about the RMSE
of the AoA estimation algorithm, which is defined as RMSE =√

E{|φ0 − φ̂0|2}, where E{.} is the expectation operator. To con-
sider a reference method, we compare the proposed algorithm with the
well-known JADE MUSIC method. Details about this method can be
found in [8]. It comprises the following main steps:
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Fig. 2. Fine-synchronization metric example.

• a frame synchronization step that coarsely identifies the frame
position;

• estimation of the channel impulse response (which comprises the
transmitted pulse waveform);

• estimation of the autocorrelation matrix Rĥĥ of the extended
channel impulse response ĥ obtained by stacking the channel
impulse responses estimated from each antenna (with size MN );

• computation of the 2-D MUSIC spectrum, i.e., in both the spatial
and temporal domains.

Note that JADE MUSIC identifies Np peaks in its 2-D MUSIC
spectrum. Hence, assuming that we have Np channel paths, we look
for the first one in the temporal dimension. We first perform coarse
frame synchronization as in the proposed method. Then, we implement
channel impulse response estimation through a least squares method,
as shown in [8], weighting each frame with the corresponding training
bit. Finally, an estimate of the autocorrelation matrix Rĥĥ is obtained.

A. AoA Estimation Performance Comparison

In the numerical examples, we have assumed a pulse with duration
Tp = 5T0 = 100 ns, which leads to a spectral occupancy of 50 MHz.
The signal is upconverted at frequency fc = 2.412 GHz. The array has
size two, with spacing d = (λ0/2). The sampling period is T = 10 ns,
and the frame has duration Tf = 640 ns, which gives N = 64 samples
per frame. The training sequence length is Ltr = 100 bits. Note that
these parameters ensure that the narrowband assumption holds true.
Furthermore, in the channel model, we assume that Γ = 4, σmax =
40◦, and, where not specified, ψ = 4. Up to six channel paths are
considered. The AoA is φ0 = 30◦ in all cases, except for the scenario
analyzed in Fig. 6.

The threshold γTH is assumed as in [18], i.e., an intermediate level
between the minimum and the maximum values of Λh(nT ). It can be
written as

γTH = min{Λh(nT )}+ [max{Λh(nT )}
−min{Λh(nT )}] · γTH,norm (21)

Fig. 3. RMSE as a function of SNR, with Np = {1, 3, 6}, and different tap
distances ({Tp/10, Tp/2, Tp}).

where 0 < γTH,norm < 1 is the normalized threshold, which is the
parameter used to set the final value. The effect of the threshold will
be shown in Fig. 5. In all other figures, an optimal value obtained by
simulation has been set.

Now, in Fig. 3, we report the RMSE of the proposed estimator as
a function of the SNR. Different values of path interdistances Tpath

are assumed (they are defined as a fraction of the transmission pulse
duration Tp). The figure shows that the MP channel introduces a loss
in performance, which increases as the path interdistance decreases
from Tpath = Tp to Tpath = 0.1Tp = T . Nevertheless, the proposed
estimator exhibits an RMSE that is below 1◦ for SNRs higher than
10 dB and Np ≤ 3, whereas the RMSE is slightly larger than 1◦ with
Np = 6. In this figure, we also report the performance curves obtained
by assuming optimal synchronization and in the absence of noise.
They represent the performance bounds that are achieved when there
is some interference due to the pulses that overlap in MP propagation.
As shown, the RMSE curves approach these bounds for high SNRs.

In the following discussion, we focus on the worst case MP channel
whose paths are spaced by Tpath = 0.1Tp = T , and we analyze the
effect of the other parameters. In particular, in Fig. 4, the performance
of the proposed AoA estimator as a function of both the SNR and the
number of paths Np is compared with the performance of the JADE
MUSIC algorithm. In the ideal case (Np = 1), the two algorithms
practically overlap. When the number of paths increases, we can
observe that our method outperforms the JADE MUSIC, particularly
for higher SNR values. In fact, even if JADE MUSIC can identify the
temporal position of the FAP, it suffers the overlapping of pulses due to
the presence of MP components with delays that are a fraction of the
pulse duration. Our algorithm, instead, partially removes this effect
and performs better. For high SNRs, both methods exhibit an error
floor, which is approximately 1◦ for the proposed algorithm.

In Fig. 5, we analyze the RMSE as a function of the normalized
threshold γTH,norm, with SNR = {20, 30} dB, and different numbers
of paths Np. Note that the optimal threshold value depends on the
channel parameters, whereas it does not significantly depend on the
SNR. However, for all cases considered herein, the value γTH,norm =
0.2 is a good choice.
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Fig. 4. RMSE as a function of SNR, with the proposed method and the JADE
MUSIC.

Fig. 5. RMSE as a function of the normalized threshold, with different SNRs
and numbers of arrivals Np.

Fig. 6 shows the performance of our algorithm as a function of the
AoA φ0. With a single path, the performance is more influenced by
the AoA. With multiple paths, the performance is less influenced by
the AoA, because it is dominated by the ambiguity introduced by the
multiple arriving paths, as also shown in Fig. 4.

In Fig. 7, the RMSE as a function of the critical delay spread ψ
and the number of arrivals Np is shown when an optimal threshold is
chosen. Obviously, the curve Np = 1 does not depend on the critical
delay spread value. It can be observed that, with the increase of
the number of arrivals Np, the RMSE also increases. However, the
increase of the critical delay spread is beneficial, because according

Fig. 6. RMSE as a function of the AoA φ0, with different SNRs and numbers
of arrivals Np.

Fig. 7. RMSE as a function of ψ and the number of arrivals Np, with different
SNRs.

to the model, this implies higher angular correlation between the MP
components. Finally, it can be observed that the increase of the SNR
can be beneficial, particularly in the cases Np > 1, when the correla-
tion of the MP component AoAs increases, i.e., when ψ increases.

B. Complexity Comparison

Note that JADE MUSIC needs the estimation of the autocorrelation
matrix Rĥĥ that involves a computational complexity on the order of
O(Ltr(MN)3). Furthermore, the 2-D MUSIC spectrum needs to be
computed on (180/Δφ)N points, where Δφ is the desired angular
resolution (in degrees), and it also requires eigendecomposition with
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O((MN)3) complexity. In the proposed method, instead, neither
the autocorrelation matrix estimation nor the 2-D MUSIC spectrum
computation is required. The overall complexities of the required
fast Fourier transforms (FFTs), the RLS channel estimation, and the
fine-synchronization step (inverse FFT plus search for the minimum)
are, respectively, on the order of O(MLtrN log2 N), O(MLtrN),
O(MN log2 N), and O(N). From this simple analysis, we can
conclude that the proposed method provides lower computational
complexity than JADE MUSIC.

V. CONCLUSION

We have considered a frequency-domain method for AoA estima-
tion in an MP scenario by assuming a low-duty-cycle pulse transmis-
sion scheme. Estimation of the first arriving path phase and delay is
done in the frequency domain. Several numerical results have been
reported for different channel parameters, and they also show that
the proposed method achieves good performance in MP channels. A
comparison with the JADE MUSIC algorithm has revealed that, in
the considered MP scenario characterized by path delays that are a
fraction of the transmission pulse duration, better RMSE performance
is reached despite its simplicity.
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Abstract—We consider hybrid automatic repeat request with Chase
combining (HARQ-CC) in a Rayleigh block-fading channel, where rate
adaptation is based on long-term channel statistics instead of instantaneous
channel information because the latter may be outdated. In the HARQ-CC
with long-term rate adaptation, optimal selection of the transmission rate
for each HARQ round requires a two-step numerical search procedure
with heavy computational burden. In this paper, we propose two subopti-
mal rate-selection algorithms that substantially reduce the computational
burden: In the first scheme, the solution of the second-step numerical
search is approximated by using a closed-form Lambert W function, and
in the second scheme, additionally, the solution of the first-step numerical
search is approximated by a closed-form lower bound. Analytical and
numerical results are presented to show that the proposed algorithms
yield the performance of the long-term average transmission rate tightly
approaching that of the optimal numerical search algorithm.

Index Terms—Hybrid automatic repeat request (HARQ), rate selection,
Rayleigh block fading.

I. INTRODUCTION

Hybrid automatic repeat request (HARQ) schemes have attracted
much attention because they significantly improve communication re-
liability, compared with simple ARQ schemes. In the HARQ scheme, a
sender retransmits a part or the whole of a packet if acknowledgement
is not fed back from a receiver. After retransmission, the receiver
attempts to decode the packet by combining previously received
signals with the new signal for the packet [1]–[3]. In particular, HARQ
based on Chase combining (CC) has been widely used to retransmit the
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